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Abstract
It is well-known that the ith local cohomology of a 2nitely generated R-module M over a
positively graded commutative Noetherian ring R, associated to the irrelevant ideal R+ is graded.
Furthermore, for every integer n, the nth component HiR+(M)n of this local cohomology module
HiR+(M) is 2nitely generated over R0 and vanishes for n0.
In this paper, we want to understand the behavior of HiR+(M)n for n0 in the case where R is
a Cohen–Macaulay ring and M is a Cohen–Macaulay R-module. When dim R0=1, we will show
that AssR0 (H
i
R+(M)n) becomes constant when n becomes negatively large. When R0 is local, and
dim R0 = 2, we will show that there exists an integer N such that either HiR+(M)n = (0) for all
n¡N or, HiR+(M)n = (0) for all n¡N .
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0. Introduction
We will assume throughout this paper that R =
⊕∞
n¿0 Rn is a positively graded
homogeneous Noetherian ring of 2nite Krull dimension. This means that R is generated
by degree 1 elements. Assume also that M is a 2nitely generated graded R-module.
We will refer to these two assumptions as the standard hypotheses on R and M . We
denote I =
√
annR(M) and R+ =
⊕∞
n¿0 Rn, the irrelevant ideal of R. We note that I
is graded.
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The R-module HiR+(M) has a natural grading and H
i
R+(M)n, the nth component of
HiR+(M), is a 2nitely generated R0-module. Moreover, for n0; H
i
R+(M)n = (0). This
raises the following question. What about HiR+(M)n and AssR0 (H
i
R+(M)n) for n0
and their relations with AssR (HiR+(M))? This work is motivated by a recent paper of
Brodmann and Hellus [2]. They showed the following:
Proposition 0.0.1 (Brodmann–Hellus [2, 4.2]). Suppose that dim R06 1, and R0 is
semi-local. Fix i∈N0. Then, for every 2nitely generated graded R-module M; HiR+(M)
is asymptotically gap free.
A graded R-module T is called asymptotically gap free if there exists an integer N
such that either Tn = (0) for all n¡N or, Tn = (0) for all n¡N .
Let T be a graded R-module. Then, {AssR0 (Tn)}n∈Z is called asymptotically stable
if there exists an integer N such that AssR0 (Tn) becomes constant for all n¡N .
Proposition 0.0.2 (Brodmann–Hellus [2, 5.6]). Suppose that M = (0). Let g = grade
(R+; M). If HiR+(M) is 2nitely generated over R for all i¡ t, then{AssR0 (HtR+(M)n)}n∈Z is asymptotically stable.
It was noted by Brodmann and Hellus that asymptotic stability implies that HiR+(M)
is asymptotically gap free and AssR(HiR+(M)) is 2nite. However, according to the joint
paper by Brodmann et al. [3], the converse is false.
Brodmann and Hellus also showed that for a local base ring (R0; m0); m0 is the
maximal ideal of R0, if HiR+(M) = (0), then i is bounded above by dimM=m0M . More
precisely,
Proposition 0.0.3 (Brodmann–Hellus [2, 3.4]). Suppose that (R0; m0) is local and M
is a 2nitely generated graded R-module with dimM=m0M = d. If M = R+(M), then
HdR+(M) = (0) and HiR+(M) for all i¿d.
We will very often use the preceding two propositions in the following way. Given a
q∈Spec(R0). Suppose that Mq = R+Rq(Mq) and R+M = M . If q∈SuppR0 (HiR+(M)n),
then grade(R+Rq;Mq)6 i6 dimMq=qMq. We will give an upper bound for dimMq=qMq
in terms of grade(R+; M). This is because grade(R+; M)6 grade(R+Rq;Mq)(cf. [5,
1.2.10]).
In this work, we will apply and extend Brodmann and Hellus results to the case
where R is a Cohen–Macaulay ring, M is a Cohen–Macaulay R-module and dim R0 is
either 1 or 2. More precisely, we will prove:
Theorem 2.0.1. Suppose that R is a positively graded homogeneous Cohen–Macaulay
ring and M is a 2nitely generated graded Cohen–Macaulay R-module. Assume also
that dim R0 = 1. Then, for all i; {AssR0 (HiR+(M)n)}n∈Z is asymptotically stable.
Theorem 3.0.1. Suppose that R is a positively graded homogeneous Cohen–Macaulay
ring and M is a 2nitely generated graded Cohen–Macaulay R-module. Assume also
that R0 is local and dim R0 = 2. Then for all i; H iR+(M) is asymptotically gap free.
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It is worth noting that there are examples of local cohomology modules with respect
to R+ whose set of associated primes is not 2nite. The 2rst example is provided
by Singh [8]. In this example, M = R is a graded hypersurface over the polynomial
ring R0 = Z[x; y; z]. Subsequently, Katzman [6] gave another example where R0 is a
polynomial ring over any 2eld. This result eJectively shows that the set of associated
primes of a local cohomology module over a local ring can be in2nite. It is worth
noting that in both examples: dim R0 = 4; R=M is graded and Cohen–Macaulay.
1. Auxiliary tools
For any unexplained terminology, the reader can refer to [5]. The reference we use
for background information on local cohomology is the textbook by Brodmann and
Sharp [4].
For a q∈Spec(R0); Mq (resp. Rq) is the localization of M (resp. R) at the multi-
plicative set, R0 − q. We note that Mq and Rq are both graded and Rq is graded local.
Furthermore, (Rq)0 ∼= (R0)q as rings.
Remark (Brodmann and Hellus [2, Remark 5.5]). There is a bijection of sets:
AssR(HiR+(M))↔
⋃
n∈Z
AssR0 (H
i
R+(M)n);
p+ R+↔p:
Furthermore, since HiR+(M)n=(0) for n0 and for each n; AssR0 (H
i
R+(M)n) is a 2nite
set, so if we have asymptotic stability, then AssR(HiR+(M)) is a 2nite set. We also note
that the same correspondence gives us a bijection of sets between SuppR(H
i
R+(M)) and⋃
n∈Z SuppR0 (H
i
R+(M)n).
1.1. Preliminary lemmas in the Cohen–Macaulay case
Given a q∈Spec(R0). This subsection is devoted to the understanding of dimMq=qMq
and grade(R+; M), when both R and M are Cohen–Macaulay.
Some notations and conventions. Min(R0) will represent the set of minimal primes of
R0. Max(R0) will represent the set of maximal primes of R0. For i∈N, Speci(R0) will
represent the set of primes of R0 whose height equals i. For an ideal J in R, Min(J )
will represent the set of minimal primes over J .
Lemma 1.1.1 (Cf. Bruns and Herzog [5, 1.5.25]). Suppose that (R0; m0) is local. Let
m= m0 + R+. Then, dimM = dimMm.
Lemma 1.1.2 (Cf. Lim [7, Lemma 1.2.2]). Suppose that both R and M are Cohen–
Macaulay. Assume also that (R0; m0) is local. As before, I =
√
annR(M). If P;
Q∈AssR(M), then ht P = ht Q. In particular, all minimal primes of I have the same
height.
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Lemma 1.1.3. Suppose that both R and M are Cohen–Macaulay. Assume also that
(R0; m0) is local. I =
√
annR(M). Then, dimM = ht(m0 + R+)− ht I .
Proof. This is an easy computation using Lemmas 1.1.1 and 1.1.2.
Lemma 1.1.4 (Lim [7, 1.2.5]). Suppose that R is Cohen–Macaulay and I =√
annR(M). If q∈Spec(R0) and q ⊇ (I ∩ R0), then
dim
Rq
(q+ I)Rq
+ ht(q+ I)Rq = ht(q+ R+):
For q∈Spec(R0), we can use the nice formula in Lemma 1.1.4 to give a bound on
dimMq=qMq.
Lemma 1.1.5 (Lim [7, 1.2.6]). Suppose that both R and M are Cohen–Macaulay and
I =
√
annR(M). If q∈Spec(R0) and q ⊇ (I ∩ R0), then
dim
Mq
qMq
6 ht(q+ R+)− ht(q+ I)Rq:
The objective of the next few lemmas is to facilitate the calculations of grade(R+; M).
Lemma 1.1.6. Suppose that both R and M are Cohen–Macaulay. Assume also that
(R0; m0) is local and dim R0 = d. I =
√
annR(M). Let i∈N0.
If htR0 (I ∩ R0) = i, then
dimM6 grade(R+; M) + d− i: (1.1)
Proof. By Bruns and Herzog [5, 1.2.10(a)],
grade(R+; M) = inf{depthMP |P ∈V (R+)}:
Since depth(0) :=∞, we have
grade(R+; M) = inf{depthMP |P ∈V (R+ + I)}:
Since M is Cohen–Macaulay,
grade(R+; M) = inf{dimMP |P ∈V (R+ + I)}: (1.2)
For any P ∈V (R+ + I),
dimMP = dim
RP
IRP
: (1.3)
Since RP is Cohen–Macaulay,
dim
RP
IRP
= dim(RP)− ht IRP (1.4)
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(cf. [5, 2.1.4]) for any P ∈V (R+ + I). By Lemma 1.1.2, all minimal primes of I have
the same height. Hence, combining (1.2)–(1.4), we have
grade(R+; M) = dim RQ − ht I (1.5)
for some Q∈V (R+ + I) such that dim RQ is minimal. Since ht (I ∩R0)= i; Q will be
of the form q+ R+ such that q∈Spec(R0) and htR0 (q) = i.
Since dimM = ht(m0 + R+) − ht I (cf. Lemma 1.1.3), to get inequality (1.1) from
Eq. (1.5), we simply have to show that
ht(q+ R+) + d− i¿ ht(m0 + R+): (1.6)
Since Rm is Cohen–Macaulay,
ht(q+ R+) + ht
m0 + R+
q+ R+
= ht(m0 + R+): (1.7)
Since htR0 (m0) = d; htR0 (q) = i and any prime in R containing q+ R+ is of the form
p+ R+ where p∈VR0 (q), we get
ht
m0 + R+
q+ R+
6d− i:
Combining this with Eq. (1.7), we get inequality (1.6).
2. Asymptotic stability when dimR0 = 1
The objective of this chapter is to show the following theorem:
Theorem 2.0.1. Suppose that both R and M are Cohen–Macaulay. Assume also that
dim R0 = 1. Then, for all i; {AssR0 (HiR+(M)n)}n∈Z is asymptotically stable.
We will 2rst prove Theorem 2.0.1 in two special cases namely,
(a∗) Suppose that R and M are Cohen–Macaulay. Assume also that R0 is local and
dim R06 1.
(b∗) Suppose that R and M are Cohen–Macaulay. Assume also that |Min(R0)| = 1
and for all W ∈Min(I); W ∩ R0 ∈Min(R0).
During the preparation of this paper, we realised that Theorem 2:0:1(a∗) is proven by
Brodmann, Fumasoli and Tajarod without assuming either R or M is Cohen–Macaulay
(cf. [1, Theorem 3.5(e)]), so we will not give our proof of Theorem 2:0:1(a∗).
In Section 2.2, we will prove Theorem 2.0.1 by 2rst decomposing Spec(R0) into a
2nite union of localization where each localization of R0 will give us the hypothesis
of Theorem 2:0:1(a∗) and Theorem (b∗).
We begin by recalling the following proposition.
Proposition 2.0.1 (Lim [7, Proposition 2.0.1]). Assume the standard hypotheses on R
and M . Suppose that dim R0 = 1. I =
√
annR(M). If ht(I ∩ R0) = 1, then for all
i; {AssR0 (HiR+(M)n)}n∈Z is asymptotically stable.
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2.1. Proof of the special case, (b∗): |Min(R0)|= 1
We will state the hypothesis of Theorem 2:0:1(b∗).
Suppose that both R and M are Cohen–Macaulay. I =
√
annR(M). Assume also
that dim R0 = 1; Min(R0) = {p} and for all W ∈Min(I); W ∩ R0 = p.
We will give some lemmas that will be applicable in the context of Theorem
2:0:1(b∗).
Lemma 2.1.1 (Lim [7, 1.2.4]). Assumptions as in Theorem 2:0:1(b∗). I =
√
annR(M).
Then,
(a) all minimal primes of R+ have the same height;
(b) all minimal primes of I have the same height.
Lemma 2.1.2 (Lim [7, 1.2.10]). Assumptions as in Theorem 2:0:1(b∗). I=
√
annR(M).
Then, grade(R+; M) = ht(R+)− ht I .
Lemma 2.1.3. Assumptions as in Theorem 2:0:1(b∗).
If q∈Max(R0), then (q+ R+)∈Spec(R) and ht(q+ R+) = ht(R+) + 1.
Proof. Let q∈Max(R0). Then, Rq is graded local. (Rq)0 is equidimensional and dim
(Rq)0 = 1. Then, ht(q + R+)Rq = ht(R+Rq) + 1. Since (q + R+)∈Spec(R); ht(q +
R+)Rq = ht(q+ R+). By Lemma 2:1:1(a), ht(R+Rq) = ht R+. Therefore, combining the
three preceding equations, we have our goal.
Lemma 2.1.4. Assumptions as in Theorem 2:0:1(b∗).
Then, for all q∈Max(R0), dimMq=qMq6 grade(R+; M).
Proof. Let q∈Max(R0). By Lemma 2.1.2, it suKces to show that
dim
Mq
qMq
6 ht R+ − ht I:
We note that both Mq and Rq are Cohen–Macaulay. (Rq)0(∼= (R0)q) is local and equidi-
mensional. Therefore, by Lemma 1.1.5,
dim
Mq
qMq
6 ht(q+ R+)− ht(q+ I)Rq: (2.1)
Since no minimal prime of IRq contains (q+ I)Rq
ht(q+ I)Rq¿ ht(I) + 1: (2.2)
By Lemma 2.1.3,
ht(q+ R+) = ht(R+) + 1: (2.3)
Putting expressions (2.1)–(2.3) together, we get
dim
Mq
qMq
6 ht R+ − ht I:
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Theorem 2.0.1. (b∗) Suppose that both R and M are Cohen–Macaulay. I =√
annR(M). Assume also that dim R0=1, Min(R0)={p} and for all W ∈Min(I); W ∩
R0 = p. Then,
HiR+(M) = (0) if and only if i = grade(R+; M):
In particular, for all i; {AssR0 (HiR+(M)n)}n∈Z is asymptotically stable.
Proof. Note that, R+M = M because (p+R+)∈SuppR(M). Let g=grade(R+; M). By
Brodmann and Sharp [4, 6.2.3], it remains to show that for all i¿g; H iR+(M) = (0).
Fix i¿g. Suppose that HiR+(M) = (0). Then, there exists q∈Max(R0) and n∈Z
such that HiR+(M)n ⊗R0 (R0)q = (0). By the Flat Base Change theorem [4, 13.1.8,
15.2.2(iv)], this implies that HiR+Rq(Mq) = (0). Then, by Brodmann and Sharp [4,
6.2.3], dimMq=qMq¿ i, contrary to Lemma 2.1.4.
2.2. Proof of Theorem 2.0.1
The objective here is to prove Theorem 2.0.1.
In Proposition 2.2.1, we will show that if we can break up Spec(R0) into smaller
pieces and on each piece, we can answer the questions on asymptotic stability and
asymptotic “gap freeness”, then we will have a better handle with the same questions
on the whole Spec(R0).
In Propositions 2.2.2 and 2.2.3, we will show that if dim R0 = 1, then Spec(R0) can
be decomposed into pieces where either the hypothesis of Theorem 2:0:1(a∗) or (b∗)
is ful2lled.
Finally, we will prove Theorem 2.0.1.
Notation. For a closed multiplicative subset, S, of R0, we will identify Spec(S−1R0)
with the set,
{q∈Spec(R0) | q ∩ S = ∅}:
Lemma 2.2.1. Let S1; : : : ; Sk be closed multiplicative subsets of R0 with
Spec(R0) =
k⋃
j=1
Spec(S−1j R0):
Fix i∈N0. Then,
(a) If for all j; {AssS−1j R0 (H
i
S−1j R+
(S−1j M)n)}n∈Z is asymptotically stable, then
{AssR0 (HiR+(M)n)}n∈Z is asymptotically stable.
(b) If for all j; H i
S−1j R+
(S−1j M) is asymptotically gap free as a S
−1
j R-module, then
HiR+(M) is asymptotically gap free.
Proof. There exists N such that for all n¡N , and all j,
AssS−1j R0 (H
i
S−1j R+
(S−1j M)n) = AssS−1j R0 (H
i
S−1j R+
(S−1j M)N ):
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Fix n¡N and let p∈AssR0 (HiR+(M)n). Then, Spec(R0) =
⋃k
j=1 Spec(S
−1
j R0) im-
plies that S−1j p∈AssS−1j R0 (H
i
S−1j R+
(S−1j M)n) for some j. Fix this j. Therefore, S
−1
j p∈
AssS−1j R0 (H
i
S−1j R+
(S−1j M)N ) so that, p∈AssR0 (HiR+(M)N ). Consequently, AssR0
(HiR+(M)n) ⊆ AssR0 (HiR+(M)N ).
For the other inclusion, let q∈AssR0 (HiR+(M)N ). Then, Spec(R0)=
⋃k
j=1 Spec(S
−1
j R0)
implies that S−1t q∈AssS−1t R0 (HiS−1t R+(S
−1
t M)N ) for some t. Fix this t. Therefore, S
−1
t q∈
AssS−1t R0 (H
i
S−1t R+
(S−1t M)n) for all n¡N so that, q∈AssR0 (HiR+(M)n) for all n¡N .
Consequently,
AssR0 (H
i
R+(M)N ) ⊆ AssR0 (HiR+(M)n)
for all n¡N .
For (b), if there exists j such that Hi
S−1j R+
(S−1j M)n = (0) for n0 then, by the
Flat Base Change Theorem [4, 13.1.8, 15.2.2(iv)], HiR+(M)n = (0) for n0. Other-
wise, for all j; H i
S−1j R+
(S−1j M)n = (0) for n0. Then, there exists N such that for all
n¡N; H i
S−1j R+
(S−1j M)n = (0) for all j. This is because we only have 2nitely many j.
Suppose that HiR+(M)n = (0) for some n¡N . Fix this n. Then, there exists p∈
SuppR0 (H
i
R+(M)n). Since
Spec(R0) =
k⋃
j=1
Spec(S−1j R0);
p∈Spec(S−1j R0) for some j. Fix this j. By the Flat Base Change Theorem [4, 13.1.8,
15.2.2(iv)], Hi
S−1j R+
(S−1j M)n = (0), a contradiction to assumption.
Lemma 2.2.2. Suppose that dim R0 = 1. Then, there are closed multiplicative subsets
Si; Tj ⊆ R(16 i6 s; 16 j6 t) such that
Spec(R0) =
s⋃
i=1
Spec(S−1i R0) ∪
t⋃
j=1
Spec(T−1j R0); (2.4)
where
1. for all i; |Min(S−1i R0)|= 1 and dim S−1i R0 = 1;
2. for all j; T−1j R0 is local and dim T
−1
j R06 1.
Proof. Let
#0 = Min(R0) ∩Max(R0)
and
#1 = {m∈Max(R0) |m contains at least two distinct elements of Min(R0)}:
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Min(R0) is a 2nite set since R0 is Noetherian. Since we also have dim R0 = 1, for any
two distinct minimal primes of R0, there are at most 2nitely many m∈Max(R0) that
contain both. Consequently, #0 ∪ #1 is a 2nite set.
Put
Min(R0)− #0 := {p1; : : : ; ps}:
Min(R0)− #0 = ∅ because dim R0 = 1. For every i; 16 i6 s, we choose
xi ∈

 ⋂
pj =pi
pj

− pi
and de2ne Si := {xni | n∈N0}. Then, for all i; |Min(S−1i R0)|= 1 and dim S−1i R0 = 1.
Furthermore, for each i, we put
M˜ i := {q∈Spec1(R0) | 〈xi; pi〉 ⊆ q}:
Since htR0 (〈xi; pi〉) = 1 or 〈xi; pi〉= R0, so the set M˜ i is 2nite for all i. Therefore, we
can write
s⋃
i=1
M˜ i ∪ #0 ∪ #1 = {m1; : : : ; mt}: (2.5)
Now, for 16 j6 t, put Tj = R0 − mj. Then, T−1j R0 is local and dim T−1j R06 1.
With these choices of Si’s and Tj’s, we would like to show that Eq. (2.4) holds.
It is clear that
Min(R0) ⊂
s⋃
i=1
Spec(S−1i R0) ∪
t⋃
j=1
Spec(T−1j R0):
Let q∈Spec1(R0). Suppose that q ∈ Spec(T−1j R0) for all j. Then, q contains exactly
1 minimal prime, pi, for some pi ∈ (Min(R0) − #0) and does not contain xi. This is
because of expression (2.5). Therefore, q∈Spec(S−1i R0).
Lemma 2.2.3. Suppose that dim R0 = 1 and Min(R0) = {p}. Let J be a graded ideal
of R with ht(J ∩ R0) = 0. Assume that
$ := {q∈Spec1(R0) | q=W ∩ R0 for some W ∈Min(J )} = ∅:
Then, there exist closed multiplicative subsets, #k ⊂ R0(16 k6 l), and x∈ (R0 −p)
such that
Spec(R0) = Spec(R0)x ∪
l⋃
k=1
Spec(#−1k R0);
where
1. for all k; #−1k R0 is local and dim#
−1
k R0 = 1.
2. dim(R0)x6 1 and for all W ∈Min(JRx); (W ∩ (R0)x) = p(R0)x.
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Proof. Note that all minimal primes of J are graded [5, 1.5.6]. Since Min(J ) is a
2nite set, $ is a 2nite set. We choose
x∈
( ⋂
m∈$
m
)
− p:
Then, dim(R0)x6 1 and for all W ∈Min(JRx); (W ∩ (R0)x) = p(R0)x. We can (and
will) identify (Rx)0 with (R0)x.
Let {q1; : : : ; ql} consists of all the prime ideals of R0 that contain x. For all k; 16 k
6 l, we put
#k = R0 − qk :
Then, dim#−1k R0 = 1 and #
−1
k R0 is local for all k. It is now clear that
Spec(R0) = Spec(R0)x ∪
l⋃
k=1
Spec(#−1k R0)
because if a prime, q, in R0 contains x, then q∈Spec(#−1k R0) for some k; if q does
not contain x, then q∈Spec(R0)x.
Proof of Theorem 2.0.1. Recall that I=
√
annR(M). Fix t ∈N0. We want to show that
{AssR0 (HtR+(M)n)}n∈Z
is asymptotically stable.
Case 1: ht(I ∩ R0) = 1. This is done in Proposition 2.0.1.
Case 2: ht(I ∩ R0) = 0. By Lemma 2.2.2, there are closed multiplicative subsets
Si; Tj ⊆ R0 (16 i6 s, 16 j6 t˜) such that
Spec(R0) =
s⋃
i=1
Spec(S−1i R0) ∪
t˜⋃
j=1
Spec(T−1j R0);
where (1) for all i; |Min(S−1i R0)|= 1 and dim S−1i R0 = 1;
(2) for all j; T−1j R0 is local and dim T
−1
j R06 1.
We wish to show that for all i; j, both
{AssS−1i R0 (H
t
S−1i R+
(S−1i M)n)}n∈Z and {AssT−1j R0 (H
t
T−1j R+
(T−1j M)n)}n∈Z
are asymptotically stable. Then, by Lemma 2.2.1, we have our contention.
By Theorem 2:0:1(a∗), for all j,
{AssT−1j R0 (H
t
T−1j R+
(T−1j M)n)}n∈Z
is asymptotically stable. Note that the Cohen–Macaulay condition on R and M is
preserved under localization. Hence, it remains to consider the case
dim R0 = 1 and Min(R0) = {p}:
Let
$ := {q∈Spec1(R0) | q=W ∩ R0 for some prime W ∈Min(I)}:
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Case 2*: $=∅. Then, for all W ∈Min(I); W ∩R0=p. Then, by Theorem 2:0:1(b∗),
{AssR0 (HtR+(M)n)}n∈Z
is asymptotically stable.
Case 2+: $ = ∅. By Lemma 2.2.3, there exist multiplicative closed sets {#k}lk=1 in
R0 and x∈ (R0 − p) such that
Spec(R0) = Spec(R0)x ∪
l⋃
k=1
Spec(#−1k R0);
where (1) for all k; #−1k R0 is local and dim#
−1
k R0=1; (2) for all W ∈Min(IRx); (W ∩
(R0)x) = p(R0)x and dim(R0)x6 1.
Recall that (Rx)0 is identi2ed with (R0)x. Once again, by Theorem 2:0:1(a∗) (for the
case where dim(R0)x = 0) and Theorem 2:0:1(b∗),
{Ass(R0)x(HtR+Rx(Mx)n)}n∈Z
is asymptotically stable. Note that Min((R0)x) = {p(R0)x}.
By Theorem 2:0:1(a∗), for all 16 k6 l,
{Ass#−1k R0 (H
t
#−1k R+
(#−1k M)n)}n∈Z
is asymptotically stable. Therefore, by Lemma 2.2.1, {AssR0 (HtR+(M)n)}n∈Z is asymp-
totically stable.
Corollary 2.2.4. Suppose that both R and M are Cohen–Macaulay. Assume also that
dim R0 = 1. Then:
(a) For all i; H iR+(M) is asymptotically gap free;
(b) for all i; AssR(HiR+(M)) is a 2nite set.
Proof. This is clear based on Remarks 5.2 and 5.5 in [2].
Corollary 2.2.5. Suppose that both R and M are Cohen–Macaulay. Assume also that
R0 is semi-local and dim R0 = 2. Then, for all i; AssR(HiR+(M)) is a 2nite set.
Proof. Fix i∈N0. Let W consists of all height 2 maximal ideals of R0. We choose
x∈
⋂
m∈W
m−
⋃
pi∈Min(R0)
pi:
Let T={p+R+ |p∈Spec(R0) and x∈p}. T is 2nite because R0 is semi-local, Noethe-
rian, dim R0 = 2, and htR0 (x) = 1. Then, dim(R0)x = 1. Both Mx and Rx are (graded)
Cohen–Macaulay. By Corollary 2:2:4(b), AssRx(H
i
(Rx)+(Mx)) is a 2nite set. Since
AssRx(H
i
(Rx)+(Mx)) = {#−1P |P ∈AssR(HiR+(M)) and x ∈ P}
and
AssR(HiR+(M)) ⊆ {P |P ∈AssR(HiR+(M)) and x ∈ P} ∪ T
so, AssR(HiR+(M)) is a 2nite set.
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3. The Cohen–Macaulay case when dimR0 = 2
We want to prove the second main result in this project:
Theorem 3.0.1. Suppose that both R and M are Cohen–Macaulay. Assume also that
(R0; m0) is local and dim R0 = 2. Then, for all i; H iR+(M) is asymptotically gap free.
We 2rst give two auxiliary results.
Lemma 3.0.1 (Brodmann and Hellus [2, 4.1(b)]). Let T be a graded R-module. If T
is either artinian or noetherian, then T is asymptotically gap free.
Lemma 3.0.2. Assume the standard hypothesis on R; R0 and M . Let x∈R be a homo-
geneous element of degree 1 which is also M -regular. Fix i∈N0. If HiR+(M)=xH iR+(M)
is asymptotically gap free, then HiR+(M) is asymptotically gap free.
Proof. By our hypothesis, we have the exact sequence of graded R-modules,
0 −→ M (−1) x−→M −→ M
xM
−→ 0:
Then, the sequence above induces another exact sequence of graded R-modules,
HiR+(M)(−1)
x−→ HiR+(M) −→ HiR+
(
M
xM
)
: (3.1)
Put
C =
HiR+(M)
xH iR+(M)
:
If Cn = (0) for n0: Then HiR+(M)n = (0) for n0. If Cn = (0) for n0: Then for
n0, we have an exact sequence of R0-modules,
HiR+(M)n
x−→ HiR+(M)n+1 −→ 0:
Hence, HiR+(M)n+1 = (0) implies that HiR+(M)n = (0) for all n0.
Proposition 3.0.3. Assumptions as in Theorem 3.0.1. Let g= grade(R+; M). Then,
(a) HiR+(M) = (0) for all i¿g+ 2 and i¡g.
(b) Hg+2R+ (M) is artinian.
Proof. We note that g∈N0 because M is Cohen–Macaulay implies that M = (0) and
hence, by a graded version of Nakayama Lemma [5, 1.5.24(a)], R+M = M . We may
also assume that M = R+(M). Otherwise HiR+(M) = (0) for all i¿ 0.
For (a), by Lemma 1.1.6, dimM6 g+2 because dim R0 = 2. We note that htR0 (I ∩
R0)∈N0 because M = (0). Moreover, by Grothendieck Vanishing Theorem (cf. [4,
6.1.2]), HiR+(M) = (0) for all i¿ dimM . Therefore, H
i
R+(M) = (0) for all i¿g + 2.
For i¡g; H iR+(M) = (0) (cf. Proposition 0:0:2(a)).
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For (b), we analyze two cases, dimM = g+ 2, or dimM ¡g+ 2.
If dimM ¡g + 2, then again by Grothendieck Vanishing Theorem (cf. [4, 6.1.2]),
Hg+2R+ (M) = (0). If dim M = g+ 2, then by Brodmann and Sharp [4, 7.1.7], H
g+2
R+ (M)
is artinian.
Proof of Theorem 3.0.1. We may assume that R+(M) = M . Otherwise, HiR+(M)=(0)
for all i¿ 0. Let g = grade(R+; M). M = (0) implies that g∈N0. By Propositions
0:0:2(c) and 3:0:3(a), it remains to check for i = g+ 1 and i = g+ 2.
Case 1: i=g+2. Hg+2R+ (M) is asymptotically gap free because by Proposition 3.0.3(b),
Hg+2R+ (M) is artinian and hence, by Lemma 3.0.1, H
g+2
R+ (M) is asymptotically gap free.
Case 2: i = g+ 1. We will examine the cases g= 0 and g¿ 1 separately.
Case 2(*): g=0. Then g+1=1. H 1R+(M) is always asymptotically gap free because
it is either 2nitely generated over R or the 2rst non-2nitely generated local cohomology
of M with respect to R+ (cf. Proposition 0.0.2).
Case 2(+): g¿ 1. By Section (4.1) in [7], we may assume that the residue 2eld,
R0=m0, is in2nite. Then, by Brodmann and Sharp [4, 15.1.4], there exists x∈R1 that is
M -regular. Now M=xM is still a Cohen–Macaulay graded R-module, grade(R+; M=xM)=
g− 1 (cf. [5, 1.2.10(d)] and dimM=xM6 dimM − 1.
By Proposition 3.0.3(b), Hg+1R+ (M=xM) is artinian because g+1=grade(R+; M=xM)+2.
Since there exists the exact sequence,
Hg+1R+ (M)(−1)
x−→ Hg+1R+ (M) −→ Hg+1R+
(
M
xM
)
; (3.2)
and Hg+1R+ (M=xM) is artinian, so H
g+1
R+ (M)=xH
g+1
R+ (M) is artinian and hence, asymptot-
ically gap free. Then, by Lemma 3.0.2, Hg+1R+ (M) is asymptotically gap free.
Corollary 3.0.4. Suppose that both R and M are Cohen–Macaulay. Assume also that
R0 is semi-local, and dim R0 = 2.
Then, for all i; H iR+(M) is asymptotically gap free.
Proof. Fix i∈N0. Let Max(R0) = {p1; : : : ; pk}. Let pj ∈Max(R0) and Sj = R0 − pj.
If htR0 (pj)6 1, then H
i
R+Rp(Mp) is asymptotically gap free by Proposition 0.0.1. If
htR0 (pj) = 2, then by Theorem 3.0.1, H
i
R+Rpj
(Mpj) is asymptotically gap free. Since
Spec(R0) =
⋃
pt∈Max(R0)
Spec(S−1t R0)
and as shown above, Hi
S−1t R+
(S−1t M) is asymptotically gap free for all t, so HiR+(M)
is asymptotically gap free (cf. Proposition 2.2.1(b)).
Remark. The extension of the corollary above to the case where R0 is not necessarily
semi-local is in progress.
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